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Modal Coordinates for Aeroelastic Analysis with Large Local
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Time domain aeroelastic equations of motion are formulated in a way that allows large local structural
variations with a state-space model that is based on a relatively small number of generalized coordinates. Free-
free or restrained vibration modes are first calculated for a nominal finite element model loaded with relatively
large fictitious masses located at the area of structural variations. These modes and the associated oscillatory
aerodynamic force coefficient matrices are used to construct a time-domain model for a basic aeroelastic case
where the fictitious mass contribution to the generalized mass matrix is removed. High-accuracy aeroelastic
investigations of the effects of structural variations can then be performed by simply introducing mass, stiffness,
and damping coupling terms. It is shown that the number of modes required for the investigation of large
stiffness variations is substantially lower than that required when fictitious masses are not used, and only slightly
larger than the number of modes required for direct aeroelastic analysis of a single structural case.

Nomenclature
[A{], [A2] = matrix coefficients of the aerodynamic

approximation, Eq. (13)
b = reference semichord
[D], [E] = matrix coefficients of the aerodynamic

approximation, Eq. (13)
[GB] = generalized damping matrix
[GK] = generalized stiffness matrix
[GM] = generalized mass matrix
g = structural damping
[/] = identity matrix
[K] = stiffness matrix of the nominal structure
k = reduced frequency, a)b/V
ke = pitch stiffness of wing-store connection
[M] = mass matrix of the nominal structure
[Mc] = control mass-coupling matrix, Eq. (7)
[Mf] = matrix of fictitious masses added to the

nominal structure
m = number of aerodynamic roots
n = number of degrees of freedom in the finite

element model
nc — number of control surfaces
nf = number of modes with fictitious masses taken

into account for aeroelastic modeling
ng = number of gust velocity modes
[Q(ik)] = generalized aerodynamic force coefficient

matrix
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[G&C*)] = approximated generalized aerodynamic force
matrix, Eq. (13)

q = dynamic pressure
[R] = a diagonal aerodynamic lag matrix, Eq. (13)
s = Laplace variable
s = nondimensional Laplace variable, sblV
V = true airspeed
x = discrete structural displacement vector
xa = aerodynamic state vector, Eq. (14)
[&K] = changes in stiffness matrix
[AM] = changes in mass matrix
[£] = modal damping coefficient matrix
£ = generalized displacements, Eq. (14)
[(/>] = matrix of vibration modes in discrete

coordinates
[x] - undamped eigenvectors in modal coordinates
a) = vibration frequency
[o>] = diagonal matrix of natural frequencies

Subscripts
a — actual case of stiffness variation
b = basic structure modes
ba = structural variation—basic to actual
c = control surface deflection modes
d = physical weighting design conditions
F = at flutter
/ = associated with fictitious masses
g = gust velocity modes

Introduction

T HE evaluation of the effects of structural property var-
iations on flutter and aeroelastic response has an im-

portant role in the design of flight vehicles. Investigations in
which such evaluations are required are structural optimiza-
tion, parametric studies, damage effects, and structural changes
during dynamic response. Common aeroelastic analyses start
with the calculation of a limited set of low-frequency normal
modes which serve as generalized coordinates.1 Repeated cal-
culation of the normal modes and the associated generalized
aerodynamic force coefficients every time a structural prop-
erty changes is often impractical. An additional problem is
how to deal with the changing coordinates during time-domain
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response analysis. These problems can be resolved by per-
forming the entire analysis with a constant set of modal co-
ordinates.

Various applications, like the structural optimization of Ref.
2 and the damage effects on flutter of Ref. 3, used the vi-
bration modes of a basic structure as generalized coordinates
and accounted for structural changes by introducing stiffness,
mass, and damping coupling terms. The basic assumption is
that after the structural modifications, the structural displace-
ments may still be assumed to be a linear combination of the
original modes. This approach is limited to moderate struc-
tural changes and may require a relatively large number of
modes in order to achieve a reasonable level of accuracy.
Reference 3 indicated unacceptable flutter errors when large
local damage effects were analyzed using fixed modes.

A modified approach is taken in this article for cases with
large structural variations at a few a priori known locations.
The idea is that the effects of large structural variations can
be properly accounted for only when the modes which serve
as generalized coordinates contain significant distortions in
the vicinity of the varying structural elements. This is achieved
by calculating a set of normal modes for a nominal structure
loaded with additional relatively large fictitious masses at grid
points to which the varying elements are connected. The pres-
ence of fictitious masses force the normal modes to contain
local distortions that cause internal stresses which balance the
inertial forces associated with the fictitious masses. The fic-
titious-mass concept was first introduced in the context of
substructure modal coupling by Karpel and Newman.4 It was
used by Karpel5 for efficient vibration modes analysis of air-
craft with multiple external store configurations, and by Livne6

in reduced-order eigenvalue sensitivities of control augmented
structures. All these applications yielded very efficient, easy-
to-apply computational schemes.

The time-domain, state-space, constant coefficient aero-
elastic equations of motion in this work are based on the
minimum-state (MS) modeling method.7-8 The MS rational
approximations of the unsteady aerodynamic force coefficient
matrices are performed with physical weighting of the oscil-
latory aerodynamic data,8 which has been demonstrated2-9-10

to yield lower-order models than those of other modeling
methods. The modeling formulation is modified to accom-
modate the fictitious mass modes in a way that allows efficient,
high-accuracy investigations of the effects of large local struc-
tural variations on aeroelastic and aeroservoelastic phenom-
ena.

Normal Modes
The free air-off matrix equation of motion of an n degrees-

of-freedom nominal undamped structure loaded with fictitious

mass and stiffness matrices differ from those of the nominal
structure by [AM] and [A#] is

masses is

[M (1)

where the elements of the fictitious mass matrix [Mf] are zero,
except for the terms added to the structure at the locations
of subsequent large structural variations. Standard normal
modes analysis codes (such as NASTRAN) can solve Eq. (1)
for a set of nf low-frequency fictitious mass modes [</>/] where
nf « n, which forms the basis for the generalized structural
coordinates in subsequent aeroelastic analyses. The diagonal
generalized mass and stiffness matrices associated with [<£y]
satisfy

[CM,] = [<t>f]T[M + My][</>y]

[GKf] =

(2)

(3)

where [cjf] is a diagonal matrix of the natural frequencies,
including zero frequencies for rigid-body modes. The free
undamped equation of motion of an actual structure whose

[M + AM]{*} + [K + = {0} (4)

It is assumed that the displacement vector {x} of Eq. (4) is
a linear combination of the fictitious-mass modes, namely

M = (5)

Substitution of Eq. (5) in Eq. (4), and premultiplication by
[<l>f]T yield, by way of Eqs. (2) and (3)

([GMf] - [t
+ ([GKf] (6)

which yields an nf x nf eigenvalue problem that can be solved
for the natural frequencies, [o>J, of the actual structure (with-
out fictitious masses). The accuracy of the resulting frequency
values, when compared to those obtained directly from the
finite element model, is a function of the magnitudes of [My],
[AM], and [A/C]. Simple guidelines for an adequate choice of
the values of [My] are given, demonstrated, and discussed in
the numerical example section.

The fictitious masses needed to facilitate wide ranges of
stiffness and mass variations are usually significantly larger
than the nominal masses attached to the fictitious mass points.
While the added fictitious masses must have positive values
[otherwise the mass matrix in Eq. (1) would not be positive
semidefinite], the structural variations in [AM] and [A/C] may
have either positive or negative values.

Aeroelastic Modeling
Basic System

The fictitious mass modes [<0y] resulting from Eq. (1), and
the kinematically defined control surface deflection and gust
velocity modes, [</>J and [<t>g(ik)]9 are used to generate the
associated nf x nf, nf x nc and nf x ng generalized oscillatory
aerodynamic force (GAP) matrices, [Qfh(ik)], [Qfc(ik)] and
[Qfg(ik)]9 at various tabulated reduced frequency (k) values.
Standard codes, like those which utilize the doublet-lattice
method,11 are commercially available for this purpose. The
finite element code that calculates [</y] can also be used2 to
calculate the control mass-coupling matrix

(7)

The fictitious mass modes can serve as a constant set of
generalized coordinates for a wide range of additive and sub-
tractive structural variations in the vicinity of the fictitious
masses. It is more convenient, however, to first transform [</y]
to a set of modes associated with a basic structural configu-
ration which has no fictitious masses. One of the structural
variations to be analyzed is chosen to form the "basic" aero-
elastic system. In addition to the [My] difference, the mass
and stiffness matrices of this case may be different from those
of the fictitious mass case by [AM6] and [A/C,,]. Other struc-
tural variations will be referred to as "actual" cases. The
eigensolution resulting from Eq. (6) with [AM] and [A/C] re-
placed by [AM6] and [&Kb] yields ny natural frequencies, [<oh]9
and the associated square eigenvector matrix [xh]- The eigen-
vectors are normalized to yield a unit generalized mass matrix,
namely

[GMb] =

which yields

f} - [<t>r}T[Mf -

[GKh] =

(8)

(9)
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The mode-shape matrix of the basic case is calculated by

The control mass-coupling matrix is transformed to the basic
system by

(11)

where the second term is nonzero only when the difference
between the nominal and the basic cases involve masses at
the control surfaces. The tabulated GAP matrices are trans-
formed by

(12)

It should be noted that while [a)f] and [4>f] are not directly
related to natural frequencies and modes of the real structure,
most frequencies and modes in [a)b] and [fa] are normally
practically identical to those derived directly from the finite
element model of the basic structure. The rest of the fre-
quencies and modes in [a)b] and [fa] contain the information
introduced by the fictitious masses and must be included in
the aeroelastic model for an accurate structural variation anal-
ysis.

Time-domain aeroelastic modeling requires the transformed
tabulated GAP matrices of Eq. (12) to be approximated by
rational interpolation functions in the s domain. The MS ap-
proximation function7-8 is

(13)+ [DM/]- >[E,,EcEg]s

where s = sb/V. The user defines the m x m [R] and two
approximation constraints (for each term) that cause the [A{]
and [A2] matrices to be dependent variables. The [D] and [E]
real coefficient matrices are calculated by an iterative nonlin-
ear physically-weighted least-square procedure that fits the
tabulated matrices of Eq. (12). The physical weighting algo-
rithm8-12 weights the tabulated data according to open-loop
aeroelastic response characteristics at a selected dynamic pres-
sure q = qd. It has been shown that the resulting model is
applicable to open- and closed-loop analyses with large dy-
namic pressure variations8"10'12 and moderate structural var-
iations.2 The applicability of the physically weighted approx-
imation to models with large local structural variations is
demonstrated in the numerical example section.

A full description of the state-space aeroservoelastic model
resulting from the MS approximation is given in Ref . 14. Once
the model is constructed for the basic case, the only portion
which is changed due to structural variations is the system
matrix of the free equation of motion

where

0
-[Af ]-

[E]

0
]~l[

(V/b)[R]
(14)

[A*] = [GMb] + [A2b]

[K] = [GKb] + q[Qbbm

[B] = [GBb] + [Aih]

The only matrix in Eq. (14) which has not been defined
yet is [GBb]. This matrix is usually not calculated from the
finite element model, but assumed to be the diagonal matrix

[GBb] = (15)

where the diagonal structural [£b] is either chosen using en-
gineering judgment (typical values are 0.005-0.02) or mea-
sured in a ground vibration test. A root locus analysis of the
system matrix of Eq. (14) with variable dynamic pressure
yields the open-loop flutter qF at which a branch crosses to
the right side of the Laplace domain at s = icoF. For closed-
loop aeroservoelastic analysis, the state vector of Eq. (14) is
augmented by control states and the loop is closed by relating
the control inputs to sensor outputs. 14 The sensor output equa-
tions are based on modal deflection rows selected from [fa]
of Eq. (10).

It should be noted that the formulation of Eq. (14) is not
limited to the MS approximation method. Other approxi-
mation functions, like those of the term-by-term least-square,
and the matrix Fade methods13 can also be brought to the
form of Eq. (13). The main difference is that the [D] and [E]
matrices in these methods would be quite sparse and typically
yield a considerably larger number of aerodynamic states.

Structural Variations
The aeroelastic free equation of motion for an actual case

whose mass and stiffness matrices differ from those of the
basic case by [AMJ and [&Ka] is Eq. (14) with three modi-
fications. The first two modifications are the replacements of
[GMJ and [GKb] of Eqs. (8) and (9) by

(16)[GMJ = [/] + [fan&Ma][fa

+ [fay[±Ka][fa]
When the generalized damping matrix [GBh] of Eq. (14) is
based on known damping characteristics of the structural ele-
ments (which is usually not the case), the first two modifi-
cations are sufficient. To evaluate the effect of these modi-
fications on the damping characteristics, we inspect the q =
0 free equation of motion resulting from the second row of
Eq. (14) with Eqs. (16) and (17)

[GMba]{|| - {0} (18)

The eigensolution resulting from Eq. (18) with [GBh] = 0
yields the natural frequencies [a>(] and the associated eigen-
vectors [xa], normalized to unit generalized mass, which yields

(19)

It should be noted that the coa values are identical to those
obtained from Eq. (6) for the same structural variation. A
[Xa] coordinate transformation of Eq. (18) yields diagonal
mass and stiffness matrices, but a nondiagonal damping matrix

[GBa] = [Xa]T[GBh](xa] (20)

If we want to obtain an effectively diagonal generalized damp-
ing matrix, we replace [GBb] by the nondiagonal matrix

[GBb,] = (21)

which, when substituted in Eq. (20) instead of [GBh] using
Eq. (19), yields

[GBa] = 2[£JK] (22)

where [(„] is the desired structural damping coefficient matrix.
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Table 1 Natural frequencies and modes of the coupled and decoupled conditions

Coupled store connection Decoupled store connection

Mode no. Frequency, Hz Mode no. Frequency, Hz Description
1
2
3
4
5
6
7
8
9

10

0.000
7.023
7.856

13.069
16.161
27.408
38.271
39.639
41.137
49,922

1
3
4
2
5
6
7
8
9

10

0.000
7.083
8.907
5.249

16.110
27.310
35.980
39.403
40.060
49.853

Rigid body roll
First fuselage bending
First wing bending
Store pitch
Second fuselage bending
Second wing bending
First wing torsion
Store yaw
Fuselage torsion
Third fuselage bending

To summarize, the aeroelastic models associated with all
the different structural variations are based on the same gen-
eralized coordinates as those of the basic case in Eq. (14).
The eigenproblem associated with the undamped version of
Eq. (18)

(-<o2[GA/ba] + (23)

is first solved for [a)a] and [x(] which satisfy Eq. (19). Equation
(14) is then reconstructed with [GMba] [Eq. (16)], [GKb.d] [Eq.
(17)], and [GBba] [Eq. (21)]; replacing [GMJ, [GKb], and
[GBb], respectively. The use of a constant set of generalized
coordinates results in efficient numerical procedures in the
model construction phase, and in subsequent repetitive anal-
yses such as structural optimization and time domain response
with varying stiffness properties, which are beyond the scope
of this article.

Numerical Example
Description of the Aeroelastic System

The purpose of the numerical example is to demonstrate
that the proposed fictitious mass modeling method is useful,
easy to apply, and yields accurate and efficient aeroservo-
elastic models. The aeroelastic system chosen for this purpose
represents a realistic modern control-augmented flight vehi-
cle. For the sake of clarity, we chose to analyze the effect of
large variations of a single stiffness term which has a drastic
effect on aeroelastic characteristics.

The numerical example deals with a modified finite element
model of the active flexible wing (AFW) wind-tunnel model
tested at NASA Langley Research Center. A top view of the
NASTRAN finite element model is given in Fig. 1. A de-
scription of the aerodynamic model is given in Ref. 9. The
tip store is connected to the wing through a decoupling mech-
anism designed to decouple the pitch motion of the store and
that of the wing when flutter occurs. The mechanism is mod-
eled by two grid points located at the store e.g., and rigidly
interconnected in all directions except pitch. The pitch con-
nection is through a rotational spring whose nominal "cou-
pled" condition is with pitch stiffness of ke — 67,740 lb-in./
rad. When the decoupling mechanism is activated, the spring

Pitch connection spring

Fig. 1 Top view of the AFW structural model.

changes to "decoupled" condition with ke = 2382 lb-in./rad
(a 96.5% reduction). The store pitch moment of inertia about
the connection point is 1.68 lb-in.-s.2

The 10 lowest antisymmetric natural frequencies of the cou-
pled and decoupled conditions, and a description of the modes
are given in Table 1. It can be observed that the main effect
of the stiffness reduction is in reducing the frequency of the
store pitch mode from 13.1 to 5.2 Hz. The pitch spring dis-
tortions in the decoupled model modes are generally consid-
erably larger than those of the corresponding coupled model
modes.

The IS AC code, a recent version of Ref. 15, was used to
generate oscillatory aerodynamic force matrices for the 21
lowest frequency modes and 4 control surface modes, at 14k
values between 0.0-1.5, using the doublet-lattice method at
Mach 0.9. The STABCAR code16 was used to obtain direct
flutter results using the p-k method with equivalent structural
damping values of g = 2£ = 0.01 for all the structural modes
in both coupled and decoupled conditions. The flutter char-
acteristics for the coupled case are qF = 1.883 psi, OJF = 11.87
Hz, and kF = 0.269, and the main participants in the flutter
mechanism are modes 3 and 4 of Table 1. The flutter char-
acteristics for the decoupled case are qr ="2.839 psi, cor —
30.80 Hz, and kF = 0.698, and the main participants in the
flutter mechanism are mode 6 and 7 of Table 1. It is clear
that the stiffness change causes a drastic change in the flutter
characteristics.

The four control surfaces are driven by third-order actua-
tors. The control loop is closed by relating the actuator inputs
to a single roll-rate sensor through a zero-order control law.
The control gains were optimized in the numerical example
of Ref. 2 to yield the required roll maneuverability with the
best combination of flutter dynamic pressure and control ro-
bustness for the coupled case only. As will be shown later,
the decoupled closed-loop flutter dynamic pressure with this
control law is considerably lower than that of the coupled,
which means that the decoupling mechanism would fail to
suppress flutter with this control law.

Stiffness Variation Effects on Natural Frequencies
To demonstrate the necessity of the fictitious mass models,

the calculations of decoupled natural frequencies from a cou-
pled model, and vice versa, without using fictitious masses,
are investigated first. A number of natural frequencies and
mode shapes were calculated from the full finite element
equation of motion, Eq. (1), of one case with [Mf] = 0. The
stiffness difference between the two cases, [A/C], and the modal
deflections at the ends of the pitch spring were then used to
calculate [<#y]r[AA"][^y-], and to construct the eigenproblem
associated with Eq. (6) for the other case. The resulting nat-
ural frequencies were compared to those obtained directly
from the finite element model. The effect of the number of
coupled modes, used in calculating decoupled frequencies, on
the resulting percentage errors of the lowest frequencies is
shown in Fig. 2. The convergence is very slow, and it is clear
that this is not a reasonable way to obtain a decoupled model.
The effect of the number of decoupled modes used irrcal-
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Fig. 2 Errors in decoupled frequencies calculated from coupled modes
with no fictitious masses.
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Fig. 5 Errors in coupled frequencies calculated from model with
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Fig. 6 Errors in coupled frequencies calculated from decoupled model
with a fictitious mass.

culating coupled frequencies is shown in Fig. 3. The results
are considerably better than those of Fig. 2, but the number
of modes required for good accuracy of the important store
pitch frequency is still quite large.

To investigate the effect of the magnitude of [A AT], the
coupled and decoupled frequencies were calculated from a
model which is based on the 10 lowest frequency modes of a
finite element model with an intermediate kti. The percentage
errors of the resulting decoupled and coupled frequencies vs
ke are shown in Figs. 4 and 5. It is clear from these figures,
and from the trends in Figs. 2 and 3, that the simple A/C
approach (without fictitious masses) is totally unsuitable for
large stiffness variation. It can also be deduced from the low
stiffness range of Fig. 4 and from the high stiffness range of
Fig. 5, that moderate stiffness changes between - 40 to + 80%
can still be analyzed with the simple &K approach with fre-
quency errors of less than 2%.

The decoupled model was chosen to form the nominal
NASTRAN fictitious mass model for calculating the fictitious
vibration modes [fy] from Eq. (1). A single fictitious pitch
inertia was introduced at the wing end of the pitch spring.
Ten fictitious modes (nf =10) were calculated and used to
calculate the coupled frequencies by way of Eq. (6). The
variation of the resulting percentage frequency errors with
the magnitude of the fictitious inertia is shown in Fig. 6. The
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Table 2 Coupled frequencies from decoupled model with fictitious mass

Direct coupled
Mode no.

1
2
3
4
5
6
7
8
9

10
11
12
13
14

Coupled frequencies from decoupled with fictitious masses
Frequency, Hz nf = 5 8

0.000
7.023
7.856

13.069
16.161
27.408
38.271
39.639
41.137
49.922
51.640
57.403
59.591
71.631

0.000 0.000
7.024 7.024
7.865 7.865

13.184 13.180
(122.56) 16.164

27.410
38.312

(139.04)

11
0.000
7.024
7.864

13.179
16.164
27.410
38.301
39.643
41.192
49.923

(160.28)

14 Largest error, %
0.000
7.024
7.864

13.179
16.164
27.410
38.300
39.643
41.188
49.923
51.641
57.505
59.641

(185.72)

__
0.01
0.11
0.88
0.02
0.01
0.11
0.01
0.13
0.00
0.00
0.18
0.08
——

Table 3 Comparison between p-k and state-space flutter results

Pitch
spring

Coupled

Decoupled

Control
loop

Open

Closed

Open

Closed

Flutter
parameter

qF, psi
a)F, Hz
qF, psi
a)F, Hz

qF, Psi
«V, HZ

</FP psi
«VP Hz
gF7, psi
<oF2, Hz

/>-*
21 Modes

1.883
11.87.
1.924
8.672

2.839
30.80
0.791
5.074
3.193

29.44

13 Modes
1.889

11.88
1.921
8.663

2.958
30.88
0.795
5.071
3.279

29.63

State-space
21 Modes

1.878
11.88
1.943
8.710

2.832
30.69
0.797
5.073
3.122

29.34

13 Modes
1.884

11.89
1.940
8.701

2.948
30.78
0.801
5.070
3.207

29.51
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Fig. 7 Comparison of fictitious mass model roots with p-k roots,
coupled pitch spring.
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Fig. 8 Comparison of fictitious mass model roots with p-k roots,
decoupled pitch spring.

errors for fictitious inertia between 1-7 lb-in.-s2 (compared'
to 1.68 of the tip store) are insensitive to the magnitude of
Mf, and are below 0.85%. This is a very significant improve-
ment compared to the 22% error in the Mf = 0 case. The
errors in the Mf = 9 lb-in.-s2 case are due to ill conditioning
caused by the large mass magnitude. The decoupled frequency
errors obtained in the same way, but with AJ^ = 0 are less
than 0.6% (except for the ill-conditioned case). The results
in Fig. 6 demonstrate that a proper choice of the values of
the fictitious masses is easy and based on simple guidelines.
On the one hand, the fictitious masses should be large com-
pared to typical mass characteristics of the analyzed model
(such as the total pitch moment of inertia of the tip store in
our case). On the other hand, the fictitious mass values should
not be large enough to cause numerical ill-conditioning. There

is usually a very large gap between these lower and upper
limits, as was also demonstrated in the modal substructuring
applications of Ref. 5.

A comparison of coupled frequencies, obtained from nf
modes of the decoupled NASTRAN model with a single
fictitious inertia of 3 lb-in.-s2, with the directly calculated
NASTRAN coupled frequencies, is given in Table 2. The
highest frequency in each case is not a realistic one because
it relates to local distortion introduced by the fictitious inertia.
All the other frequencies in each case are very accurate and
exhibit a negligible variation with nf. The high accuracy of
the frequencies also indicates that the associated mode shapes,
[fa] of Eq. (10), are also accurate. The errors in obtaining
decoupled frequencies from decoupled models with fictitious
mass are smaller than those of the coupled frequencies.
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Table 4 Comparison between direct and fictitious mass flutter results

Direct
(13 modes)

Pitch
spring

Coupled

Decoupled

Control
loop

Open
Closed

Open
Closed

I*
psi

1.884
1.940

2.948
0.801
3.207

W/r,

Hz
11.89
8.701

30.78
5.070

29.51

Fictitious mass model (14 modes)

QF,
psi

1.918
1.946

3.077
0.803
3.375

0>F,

Hz

11.94
8.694

30.94
5.071

29.71

qF Error,
%

1.8
0.3

4.4
0.2
5.2

a)F Error,
%
0.4

-0.3

0.5
0.0
0.7

Table 5 Comparison between decoupled roots of direct and fictitious mass models

Fictitious mass model

Mode
no.

1
2
3
4
5
6
7

Direct
Re

-4.62
-0.47
-0.35
-2.71
-0.70
-6.23

-29.78

Im
1.67

30.10
44.78
57.52

101.15
190.87
209.65

With

Re
-4.59
-0.50
-0.35
-2.64
-0.69
-7.28

-28.49

[GBba]
Im

1.71
30.08
44.77
57.32

101.16
191.30
209.55

With

Re

-4.59
-0.78
-0.35
-2.68
-0.69
-7.37

-28.60

[GBb]
Im

1.71
30.06
44.77
57.34

101.16
191.21
209.72

Direct State-Space Aeroelastic Models
Before evaluating the fictitious mass models, the MS mod-

eling method was applied to the coupled and decoupled cases,
separately. The modal structural data and the associated os-
cillatory generalized aerodynamic matrices used for the MS
approximations and the state-space model constructions are
identical to the data used for the respective STABCAR cou-
pled and decoupled p-k solutions given previously. The MS
approximations in all the cases in this work were performed
using the MIST computer program,8 with physical weighting
of the aerodynamic data at qd = 1.5 psi and with 2 weight
peak-widening cycles.12 The coefficients of the 21 x 21 [Qbb]
and the 21 x 4 [Qbc] matrices of Eq. (13) were calculated
with 8 aerodynamic lag roots (on the diagonal of [/?]) of - 0.1,
-0.2, -0.35, -0.55, -0.8, -1.1, -1.5, and -2, which
yields 8 aerodynamic states in Eq. (14). For closed-loop anal-
ysis Eq. (14) is augmented by 12 control system states rep-
resenting the 4 third-order actuators.

The stability boundaries are found by a root-locus analysis
with variable q. The state-space open- and closed-loop flutter
results are compared to those of the p-k method in Table 3.
It can be observed that the state-space results are in good
agreement with those of the/?-k method. The largest error is
2.3% in the second flutter dynamic pressure of the decoupled
closed-loop case, which demonstrates that the MS approxi-
mation is valid for a wide range of q, and that 13 modes in
each case are sufficient to predict flutter accurately. With a
smaller number of modes, the flutter results start to change
considerably (not shown).

Fictitious Mass State-Space Aeroelastic Model
A fictitious mass model which is based on a single set of

modal coordinates and a single aerodynamic approxima-
tion is used in this subsection to calculate the stability bound-
aries of both coupled and decoupled cases. The baseline for
comparisons are the separate 13 mode state-space results of
Table 3. Since, as shown in Table 2, the fictitious mass model
yields one nonrealistic natural frequency, the models below
are based on 14 modes. It will be demonstrated that a fixed
set of 14 modal coordinates can be used for high-accuracy
open- and closed-loop stability analysis of the coupled and
decoupled spring cases. This implies that any intermediate

spring case can also be analyzed with the fixed modal coor-
dinates. The analysis of more than one spring case with the
same 14 modes is much more efficient than separate direct
13-mode analyses which require separate model construction
efforts.

The decoupled fictitious modes that were used to generate
the 14 mode case of Table 2, and the control surface modes,
were used to generate the associated [Qfb(ik)] and [Qfc(ik)]
aerodynamic matrices by IS AC. These matrices, along with
the control mass coupling matrix and the sensor modal de-
flection matrix were then transformed to the basic coupled
conditions by Eqs. (10-12). The MS approximation of the
resulting [Qhb(ik)] and [Qbc(ik)] matrices was then performed
and used to construct the coupled state-space open- and closed-
loop systems. Decoupled models were obtained by the intro-
duction of [GKba\ of Eq. (17) and [G£ba] of Eq. (21) to Eq.
(14), instead of [GKb] and [GBh]. The resulting flutter dy-
namic pressures and frequencies are compared in Table 4 to
those obtained directly by separate state-space models. Be-
cause the physical weighting in the aerodynamic approxi-
mation of the fictitious mass model was performed with a
coupled pitch spring, the decoupled errors are generally larger
than the coupled ones, but still not larger than 5.2% in qF
and 0.7% in o)F. The coupled and decoupled closed-loop root
loci obtained from the fictitious mass models are compared
in Figs. 7 and 8 to the direct 13-mode p-k roots. The dynamic
pressure varies in the coupled case (Fig. 7) from 0 to 2 psi
with symbols appearing every 0.5 psi, and in the decoupled
case (Fig. 8) from 0 to 4 psi with symbols at every 1 psi. The
mode numbers appear in the figure near the zero dynamic
pressure points. The associated flutter conditions (where
branches cross the imaginary axis from left to right) were given
in Tables 3 and 4. It can be observed that the fictitious mass
state-space models yield high accuracy results in the entire
frequency range of interest and in a wide region off the im-
aginary axis.

To evaluate the effect of the damping modification sug-
gested in Eq. (21), the decoupled open-loop characteristic
roots of Eq. (14) associated with the 7 lowest frequency modes,
at q = 2 psi are given in Table 5 for three cases, the direct
13-mode case, the fictitious mass case with [G£ba] replacing
[GBh] (as done in creating Table 4), and the fictitious mass
case without this replacement. We can see that the first two
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cases agree quite well, and that the second real part in the
last case (- 0.78, which reflects the damping of the important
store pitch mode) deviates by 66% from that of the direct
case. Table 5 also demonstrates the accuracy of the proposed
method in predicting subcritical characteristic roots over a
wide range of stiffness variations.

Application of the fictitious-mass approach to cases with
simultaneous large structural variations at different locations
would require more fictitious masses. Consequently, more
nonrealistic modes would have to be included, which de-
creases the model efficiency. The proposed method is still
expected to be very efficient for a small number of large-
variation locations, such as several external-store attachments
or movable-surface actuators.

Conclusions
The standard procedures for the determination of aeroe-

lastic models allow the investigation of some moderate stiff-
ness variations by introducing stiffness coupling terms. Larger
stiffness variations with these procedures require the costly
regeneration of modal coordinates and the associated aero-
dynamic matrices. The presented fictitious mass method ex-
tends the allowable move limits in cases where large stiffness
variations are expected at a small number of structural lo-
cations. An example, with a variable stiffness term which has
a critical effect on aeroelastic characteristics, demonstrated
that the introduction of one fictitious mass term near the
variable stiffness extended the allowable move limits from
-40%, +80% to more than -95%, +2000%. The results
are insensitive to the magnitude of the fictitious mass provid-
ing that it is large enough to cause significant local structural
deformations in the low-frequency fictitious modes, and not
large enough to cause numerical ill conditioning. The use of
rij fictitious modes yielded errors of less than 0.9% in the first
nf - 1 natural frequencies over the entire stiffness range.
Only one application of the physically weighted minimum-
state modeling procedure was required to adequately predict
open- and closed-loop aeroelastic characteristics over large
dynamic pressure and stiffness ranges of interest, with flutter
dynamic pressure errors of less than 5.2%.
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